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REPRESENTING INTERPOLATED FREE GROUP FACTORS
AS GROUP FACTORS
SORIN POPA AND DIMITRI SHLYAKHTENKO
Abstract. We construct a one parameter family of ICC groups {Gt}t>1, with the property that
the group factor L(Gt) is isomorphic to the interpolated free group factor L(Ft) := L(F2)
1/
√
t−1,
∀t. Moreover, the groups Gt have fixed cost t, are strongly treeable and freely generate any treeable
ergodic equivalence relation of same cost.
1. Introduction.
Groups and their measure preserving actions on probability spaces give rise to two remarkable
classes of II1 factors: the group factors, obtained from the left regular representation of infinite
conjugacy class (ICC) groups G and denoted L(G) ([MvN43]); the group measure space factors,
constructed from free ergodic pmp actions of countable groups G y X, denoted L∞(X) ⋊ G
([MvN36]).
Another important source of II1 factors is the amplification M
t of a given II1 factorM by positive
real numbers t > 0 ([MvN43]). Amplifications satisfy (M t)s = M ts, and if t is an integer then M t
is the algebra of t× t matrices with entries inM , while if t ≤ 1 thenM t ≃ pMp, with p a projection
of trace t in M .
There has been much effort in understanding the structure and classification of these factors
in terms of their “building data”. A significant part of this work concentrated on W∗-rigidity
phenomena, which aim at recovering G, G y X, or the amplifying t > 0, from the isomorphism
class of the associated II1 factor (i.e., its W
∗-equivalence class), or proving unique decomposition,
indecomposability and non-embeddability results (see e.g., [P06]).
At the opposite end, establishing isomorphism (or mere embedability) between II1 factors arising
from different groups (resp. group actions) is equally interesting. It has already been shown in
([MvN43]) that all II1 factors of the form L(G), L
∞(X) ⋊ G with G locally finite are isomorphic
to the hyperfinite II1 factor R, and that R
t ≃ R, ∀t > 0. Connes fundamental theorem on
the uniqueness of the amenable amenable II1 factor ([C75]), shows that the same holds true for all
amenable groups G and that all II1 factors embeddable into R are isomorphic to R, with L(G) →֒ R
iff G is amenable. Thus, all amenable ICC groups Hi are W
∗-equivalent and if G is any ICC group
then G×Hi are W∗-equivalent as well.
Free probability theory allowed to deduce that any free product of two or more infinite amenable
groups ∗i∈IHi is W∗-equivalent to F|I| ([Dyk93]). It also allowed to represent amplifications of free
group factors as group factors in unexpected ways: Voiculescu’s amplification formula [Vo89] showed
that L(Fn)
1/k ≃ L(Fk2(n−1)+1), ∀n, k ≥ 2, and Dykema [Dyk94], Radulescu [Rad94] extended this
to show that L(Fn)
t = L(Fm)
s whenever (n − 1)/t2 = (m− 1)/s2. So all amplifications of factors
from finite rank free groups are among the interpolated free group factors L(Ft) := L(F2)
1/
√
t−1.
The same methods made it possible to identify some of the interpolated free group factors L(Ft)
as group factors for non-integer t, showing for instance that L(PSL(2,Z)) = L(F7/6) ([Dyk93],
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[HV93]). However, the problem of representing all II1 factors L(Ft) as group factors remained
open. We solve this problem here by proving:
Theorem 1.1. For any t > 1 there exists a countable ICC group Gt with the property that L(Gt) is
isomorphic to the Dykema-Radulescu interpolated free group factor L(Ft). Thus, L(Gt) satisfy the
amplification formula L(Gt)
s ≃ L(G1+(t−1)/s2 . The groups Gt can be chosen to be strongly treeable
of fixed cost t. Moreover, given any free ergodic pmp action Gt y X there exists a free action
G1+(t−1)/s y Y such that (L∞(X)⋊Gt)s ≃ L∞(Y )⋊G1+(t−1)/s, ∀t > 1, s > 0.
The strong treeability and cost of the groups Gt are in the sense of [Gab00]. In other words, the
groups Gt have the property that every free ergodic pmp action of Gt y X has treeable orbits
and cost t; in particular, the resulting equivalence relation satisfies RGt = (RF2)1/
√
t−1, for some
free ergodic F2 y X. The above result also shows that Gt satisfy another property, that we call
OE-freeness: any treeable ergodic equivalence relation R of cost t is induced by an action of Gt.
Thus, our groups Gt are both W
∗-free (a terminology we’ll use to designate an ICC group whose
II1 factor is isomorphic to an interpolated free group factor) and OE-free.
Examples of OE-free groups Ht with cost t, providing representations of (RF2)1/
√
t−1 as RHt ,
∀t > 1, have already been constructed by Hjorth in [Hjo06]. Our groups Gt are in fact a modified
version of the Ht in [Hjo06], being obtained by repeated amalgamated free products with groups
of the form Qn × Fkn , where Qn is an increasing sequence of finite groups such that ∪nQn is ICC,
the amalgamation is over Qn−1 ⊂ Qn, and kn ≥ 2 are integers of appropriate size.
The proof that L(Gt) ≃ L(Ft), which we do in Section 2, utilizes operator valued semicircular
systems, that enables the identification of such amalgamated free products of groups with appropri-
ate models of the interpolated free group factors in ([Shl98, Shl99], [Dyk93, Dyk94, Rad94]). The
proof of the treeability, which we do in Section 3, is a slight extension of the argument in [Hjo06].
Section 4 contains a number of remarks and open problems, and lists several properties of groups
Gt, such as Cartan rigidity ([PV11]) and the universal vanishing cohomology property VC ([P18]).
Acknowledgements. This work was carried out in part during the “Quantitive Linear Algebra”
program at the Institute for Pure and Applied Mathematics. S.P. would like to acknowledge support
from IPAM and the Simons Foundation as the Simons Participant.
2. A family of groups generating interpolated free group factors.
In this section we begin by introducing a certain family of groups G = G({Qi}, {ki}) and study
their W ∗-equivalence class. The main result of this section states that, under certain assumptions,
the group von Neumann algebra of such a group G is isomorphic to an interpolated free group
factor, a property that we call W∗-freeness. To prove this result, we first give a description of this
group von Neumann algebra in terms of operator-valued semicircular systems.
Definition 2.1. Suppose that {e} = Q0 ⊂ Q1 ⊂ Q2 ⊂ · · · is an increasing sequence of finite
groups (so that |Qn| → ∞), and suppose that k0, k1, . . . is a sequence of non-negative integers.
Let Hn = Qn × Fkn . Define Gn recursively by: G0 = H0, Gn+1 = Gn ∗Qn Hn+1. Finally, define
G = G({Qi}, {ki}) by G =
⋃
nGn.
The construction of the groups G({Qi}, {ki}) is a slight generalization of the construction con-
sidered by G. Hjorth [Hjo06], which correspond in our notation to the groups G({Z/2Z)n}, {kn}).
To fix notations, let An = L(Qn) and Cn = L(Gn) (taken with their group traces). Then
C0 ∼= L(Fk0) and Cn+1 ∼= Cn ∗An (An+1 ⊗ L(Fkn+1)). Let C = W ∗ (
⋃
nCn); then one easily sees
that C = L(G).
We now give a brief review of operator valued semicircular systems; the reader is referred to
[Shl98, Shl99] for more details and proofs.
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2.2. Operator-valued free semicircular variables. A family ofD-valued semicircular operators
with covariances η1, . . . , ηk is associated to a family of completely positive maps ηj : D → D
defined on a tracial von Neumann algebra (D, τD) and satisfying the self-adjointedness condition
τD(xηj(y)) = τD(ηj(x)y) for all x, y ∈ D. This family of operators has the following properties:
(a) The von Neumann algebra M := W ∗(D,X1, . . . ,Xk) admits a trace τ extending τD. More-
over, there exists a D-valued conditional expectation E : M → D so that τD ◦ E = τ and so
that
E(XiyXj) = δi=jηj(y), ∀y ∈ D.
(b) For j = 1, . . . , kn, the algebras W
∗(D,Xj) are free with amalgamation over D.
(c) If ηj(1) = 1, then (W
∗(Xj), τ) ∼= (L∞[−
√
2,
√
2], µ) where µ corresponds to integration with
respect to the semicircular measure π−1
√
2− t2dt.
(d) More generally, suppose that for some unital subalgebra D0 ⊂ D, ηj(D0) ⊂ D0 for each j.
Then X1, . . . ,Xn also form a D0-valued semicircular system with covariances η
′
j = ηj
∣∣∣
D0
.
(e) Suppose that D0 ⊂ D1 ⊂ D are a unital subalgebras and suppose that ηj : D → D is the
τD-preserving conditional expectation onto D0. Then Xj is free from D with amalgamation over
D1. Furthermore, W
∗(D0,Xj) = D0 ⊗W ∗(Xj).
(f) Given ηi, consider theD,D-bimoduleHi obtained fromD⊗D after separation and completion
with respect to the inner product 〈a′⊗b′, a⊗b〉 = τ(b′ηi(a′a∗)b∗), and denote byKi ⊂ Hi the closure
of the real subspace {∑ ai ⊗ b∗i + bi ⊗ a∗i : ai, bi ∈ D}. Then Ki is a Jordan bimodule over D: for
any a, b ∈ D and h ∈ Ki, ahb+b∗ha∗ ∈ Ki. The von Neumann algebraW ∗(D,X1,X2, . . . ) depends
up to isomorphism only on the isomorphism class of the Jordan subbimodule
⊕
iKi ⊂
⊕
iHi.
2.3. A description of the algebra Cn. Returning now to the algebras Cn, for j ≤ n let Enj :
An → An be the trace-preserving conditional expectation onto Aj ⊂ An. In particular, En0 is the
trace on An. Furthermore, let En : A→ An be the trace-preserving conditional expectation.
Lemma 2.4. For each i ∈ {1, . . . , n} and each j ∈ {1, . . . , kn} let ηij = Ei. Let {Xij : i ∈
{1, . . . , n}, j ∈ {1, . . . , kn}} be a family of A-valued semicircular variables with covariance ηij .
Then Cn =W
∗(An,Xij : 0 ≤ i ≤ n, 0 ≤ j ≤ kn).
Proof. By §2.2d, since ηij(An) ⊂ An, for each fixed i, Xij are actually An-valued semicircular
variables with covariances Enj .
We now proceed by induction. If n = 0, then by §2.2b, X01, . . . ,X0k0 are free (with amalgamation
over C1) and since by §2.2c, W ∗(X0j) ∼= L(Z), this k0-tuple generates C0 ∼= L(Fk0).
Supposing that W ∗(An,Xij : 0 ≤ i ≤ n, 0 ≤ j ≤ kn) ∼= Cn, we note that because if k ≤ n En+1k
is the conditional expectation onto Ak ⊂ An+1 we deduce from §2.2e that Xij for i ≤ n are free
with amalgamation over An from An+1. Moreover, by §2.2b, {X(n+1)j : 1 ≤ j ≤ kn+1} are free
from W ∗(An+1,Xij : 0 ≤ i ≤ n, 0 ≤ j ≤ kn) ∼= Cn over An+1. Thus by the inductive assumption
and by §2.2e,
W ∗(An,Xij : 0 ≤ i ≤ n+ 1, 0 ≤ j ≤ kn)
∼=W ∗(An,Xij : 0 ≤ i ≤ n, 0 ≤ j ≤ kn) ∗An W ∗(An+1,X(n+1)j : 1 ≤ j ≤ kn+1)
∼= Cn ∗An (An+1 ⊗ L(Fkn+1)) = Cn+1.
This concludes the proof. 
Corollary 2.5. C ∼=W ∗(A,Xij : i ∈ N ∪ {0}, 0 ≤ j ≤ kn).
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2.6. Isomorphism class of C when Q is ICC. Let R be a II1 factor and let τ be the unique trace
on R (for our purposes, we may assume that R is the hyperfinite II1 factor R = L(Q)). Assume
that D ⊂ R is a unital finite-dimensional subalgebra. Let R1 be the Jones basic construction
for D ⊂ R. Denote by H the R,R-bimodule L2(R) ⊗D L2(R) ∼= L2(R1), and by K the Jordan
sub-bimodule K = {x ∈ L2(R1) : x = x∗}. Because D is finite-dimensional, H ⊂ L2(R) ⊗ L2(R).
Since L2(R) ⊗D L2(R) = (L2(R) ⊗ L2(R)) ⊗D′⊗D′ L2(D) we find from invariance of Murray-von
Neumann dimension under induction that
dimL(R)⊗¯L(R)H = dimD⊗D L2(D).
Let us write
b0(D) = dimD⊗D L2(D).
This is the zeroth L2-Betti number of D in the sense of [CS05]. For D a matrix algebra of size
m × m, b0(D) = m−2. If D = D1 ⊕ D2 ⊕ · · · ⊕ Dn and if pi ∈ Di denotes the unit of Di, then
b0(D) =
∑
i(τ(pi))
2b0(Di).
Proposition 2.7. Suppose that Di ⊂ R, i ∈ N ∪ {0} are finite-dimensional subalgebras, and
denote by Ej the conditional expectation onto Dj . Let kn ∈ N be fixed, and suppose that (ηij : i ∈
N ∪ {0}, j ∈ {1, . . . , kn}) are completely positive maps given by ηij = Ei. Let Xij be the associated
R-valued semicircular system. Then
W ∗(R,Xij : i ∈ N ∪ {0}, j ∈ {1, . . . , kn}) ∼= L(Ft)
with t = 1 +
∑
n knb0(Dn).
Proof. For a subalgebra D ⊂ R, let H and K be as before: H = L2(R) ⊗D L2(R) ∼= L2(R1) and
K = {x ∈ L2(R1) : x = x∗}. It is a well-known folklore result that the inclusion H ⊂ L2(R)⊗L2(R)
can be chosen in such a way that K is isomorphic to L2(R)p⊗ pL2(R) for a projection p ∈ R with
trace determined by
τ(p)2 = dimL(R)⊗¯L(R)H = b0(D).
Furthermore, if Di ⊂ R are subalgebras, Ei is the conditional expectation on Di and Hi, Ki the
associated bimodule and Jordan bimodule, and if kn are given integers, then
(1)
⊕
n
(Kn)
⊕kn ∼= (L2(R)⊗ L2(R))⊕N ⊕ L2(R)p⊗ pL2(R)
for some integer N ∈ N ∪ {0,+∞} and projection p ∈ R satisfying τ(p)2 +N =∑n knb0(Dn) (let
us agree to choose p = 0 if N =∞).
By §2.2f if Xij are R-valued semicircular operators of covariance ηij = Ei, then W ∗(R,Xij : i ∈
N∪{0}, j ∈ {1, . . . , kn}) depends only on the Jordan bimodule
⊕
nj(Kn)
⊕
kn , and thus only on the
number
∑
n knb0(Dn).
Moreover, choosing the isomorphism class of
⊕
iKi as in (1) we see that
W ∗(R,X1,X2, . . . ) ∼=W ∗(R, pY0p, Y1, . . . , YN )
where Y0, Y1, . . . , YN are R-valued semicircular variables so that the variance of Yj, j = 0, . . . , N is
x 7→ τ(x) (which implies that the variance of pY0p, which is also R-semircircular, is x 7→ pτ(pxp)).
But this means that Y0, Y1, . . . are a free semicircular family, free from R. Thus by the results
in [Dyk93, Dyk94, Rad94], see also Proposition 5.4 in [Shl98], W ∗(R,X1,X2, . . . ) is isomorphic
to the Dykema-Ra˘dulescu interpolated free group factor L(Ft) where t = 1 + N + τ(p)
2 = 1 +∑
n knb0(Dn). 
Corollary 2.8. Assume that the group Q is ICC. Then W ∗(G) ∼= L(Ft) where t = 1+
∑
n kn|Qn|−1.
4
Proof. If D = L(T ) for some finite group T , then D =
⊕
piDpi where the direct sum is over all
irreducible representations π and Dpi is a matrix algebra of size dimπ × dimπ. Denote by ppi the
minimal central projection of D corresponding to the summand Dpi (i.e., the unit of Dpi). Then
the trace τ on D is determined by
τ(ppi) =
(dimπ)2
|T | .
Thus
b0(D) =
∑
pi
(dimπ)4
|T |2(dimπ)2 =
∑
pi
(dimπ)2
|T |2 =
1
|T |2
∑
pi
(dimπ)2 =
|T |
|T |2 =
1
|T | .
(Rather than this computation, we could have just used [CS05] to conclude that b0(D) = b0(L(T )) =
b0(T ), the zeroth L
2-Betti number of T ). Applying this fact in the context of Proposition 2.7 gives
the statement of the corollary. 
Theorem 2.9. Let t ∈ (1,+∞] be arbitrary. Then there exists a countable discrete group Gt so
that L(Gt) is isomorphic to the Dykema-Radulescu interpolated free group factor L(Ft). Thus, the
group factors L(Gt) satisfy the amplification formula L(Gt)
s ≃ L(G1+(t−1)/s2).
Proof. Let Qn = Sn, the symmetric group on n letters. Then Q = S∞ is ICC. Moreover, b0(An) =
1/|Qn| = 1/n!. Since
∑
n
1
n! <∞, for any t ∈ (1,+∞] we can choose integers kn ∈ N ∪ {0} in such
a way that
t = 1 +
∑
n
kn
n!
.
Let G be the group constructed in §2.1. Then by Corollary 2.8,
L(G) ∼= C ∼= L(Ft).
This completes the proof. 
The following corollary follows from the fact that interpolated free groups factors L(Ft) for all
t ∈ (1,+∞) are stably isomorphic:
Corollary 2.10. Let Q0 ⊂ Q1 ⊂ · · · , Q′0 ⊂ Q′1 ⊂ · · · be sequences of groups and k0, k1, . . . ,
k′0, k
′
1, . . . be sequences of integers, and let G = G({Qi}, {ki}), G′ = G({Q′i, k′i}). Assume that
Q =
⋃
nQn and Q
′ =
⋃
nQ
′
n are both ICC. Let d = 1+
∑
kn|Qn|−1, d′ =
∑
n k
′
n|Q′n|−1. If d, d′ are
both simultaneously finite or simultaneously infinite, then L(G) and L(G′) are stably isomorphic.
If d = d′, then L(G) ∼= L(G′).
2.11. Remarks. 1◦ Note that in Theorem 2.9 we could have set Gt to be any group G({Qi}, {ki})
as long as Q =
⋃
Qi is ICC and t = 1 +
∑
kn|Qn|−1. We will use the notation Gt somewhat
ambiguously for any such group.
2◦ If one drops the ICC condition on the group Q, the von Neumann algebra L(G({Qi}, {ki}))
may fail to be a factor. Indeed, suppose that Qn = (Z/2Z)
n, as in Hjorth’s original example, and
k0 = 0. Then Q1 clearly belongs to the center of G.
3◦ On the other hand, suppose that Qn are arbitrary (e.g., Qn = (Z/2Z)n) and k0 6= 0. Then
we can repeat our previous argument, replacing the algebra R in the previous sections by the
factor W ∗(G0, Q) ∼= L(G0) ∗ L(Q) ∼= L(Fk0+1), to deduce that L(G({Qi}, {ki})) ∼= L(Ft) with
t = 1 +
∑
n kn|Qn|−1. This gives another family of groups generating interpolated free group
factors L(Ft), but for t ≥ 2.
4◦ We expect that L(G({Qi}, {ki})) must be an interpolated free group factor whenever it is a
factor, but we were not able to prove this.
5
3. Measure Equivalence theory of the groups G({Qi}, {ki}).
Let us first recall a few notions about treeability (see [Gab00, KM04]). An equivalence relation
R is treeable iff it has a graphing Γ which is a treeing. Equivalently, R is the free product of a
family of finite and hyperfinite equivalence relations.
A group G is said to be treeable if there exist a free probability measure-preserving (free pmp)
action of G so that the associated orbit equivalence relation RG is treeable. A group is strongly
treeable if every free pmp action of G is treeable.
We will say that a group G is OE-free if for some number t ∈ [1,+∞], any ergodic treeable
equivalence relation of cost t arises from a free pmp action of G (in which case it necessarily holds
that the first L2 Betti number of G is β
(2)
1 (G) = t+1). Clearly, OE-free =⇒ treeable and strogly
treeable =⇒ treeable; it’s not known if any of these implications can be reversed when t 6= 1.
The first examples of OE-free groups were found by Hjorth in [Hjo06]. He showed that this
property holds for free groups Fn as well as (in our notation) the groups G({Z/2Z)n}, {kn}). The
main result of this section is that groups G({Qi}, {ki}) are OE-free and strongly treeable. Strong
treeability (as well as the formula for the cost) follows from Gaboriau’s results [Gab00]; however,
we give the full argument, since we anyways need much of the set-up to give a proof of OE-freeness.
The proof of the latter property is a slight generalization of Hjorth’s argument [Hjo06]. Together
with the results of Section 2, the results of this section complete the proof of Theorem 1.1.
3.1. Equivalence relations RQ, RG and Rn. Assume that α is a free measure preserving action
of G on a probability space (X,µ). Let us denote by RG the equivalence relation of being in the
same orbit of this action. Denote by RQ the equivalence relation of being in the same orbit under
the restriction of α to Q. Then RQ is a sub-equivalence relation of RG. Finally, let Rn be the
equivalence relation of being in the same orbit of the restriction of α to Qn. Then Rn ⊂ Rn+1 for
all n, and RQ =
⋃
nRn. Clearly, each Rn is an equivalence relation all of whose orbits are finite,
consisting of |Qn| elements.
Lemma 3.2. There exist partitions Pn = (F (j1, . . . , jn) : jk ∈ {1, . . . , qk}) of the set X so that
Pn+1 is a refinement of Pn and Pn is a fundamental domain for Rn: every orbit of Rn meets each
element of the partition P exactly once. In other words, for any x 6= y, x ∼Rn y implies that x and
y are points in different elements of the partition Pn, and for each A,B ∈ Pn, A 6= B, and any
x ∈ A, there exists a unique y ∈ B so that x ∼Rn y.
Proof. Denote by Xn the quotient Xn/Rn (in particular, X0 = X). Let πn : X → Xn be the
quotient map, and let µn be the push-forward of the measure µ by πn. Since Rn ⊂ Rn+1, the map
assigning to each Rn-orbit the unique Rn+1 orbit containing it gives a map ρn : Xn → Xn+1; by
construction, ρn ◦ πn = πn+1.
Let qn+1 = |Qn+1/Qn|. For each n, we can choose measurable maps σ1,n+1, . . . , σqn+1,n+1 :
Xn+1 → Xn in such a way that (i) each σj,n+1 is a cross-section to ρn, meaning that ρn◦σj,n+1(x) =
x for a.e. x ∈ Xn+1 and (ii) the sets σj,n+1(Xn+1), j = 1, . . . , qn+1, are disjoint (modulo null sets)
and cover Xn (modulo null sets), i.e., form a partition of Xn.
For each n and each j1, . . . , jn so that jk ∈ {1, . . . , qk}, define subsets
F (j1, . . . , jn) = σj1,1 ◦ σj2,2 ◦ · · · ◦ σjn,n(Xn) ⊂ X.
By construction,
F (j1, . . . , jn+1) ⊂ F (j1, . . . , jn)
since σj1,1 ◦ σj2,2 ◦ · · · ◦ σjn,n ◦ σjn+1,n+1(Xn+1) ⊂ σj1,1 ◦ σj2,2 ◦ · · · ◦ σjn,n(Xn).
We claim that (F (j1, . . . , jn) : jk ∈ {1, . . . , qk}) form a partition of X. We check this by
induction. If n = 1, then F (jk) = σj,1(X1) and these form a partition of X0. Having checked
the inductive step, we note that (σk,n+1(Xn+1) : k = 1, . . . , qn+1) form a partition of Xn, and so
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σj1,1 ◦σj2,2 ◦ · · · ◦σjn,n(Xn) is the disjoint union of σj1,1 ◦σj2,2 ◦ · · · ◦σjn,n ◦σk,n+1(Xn+1) as k ranges
from 1 to qn+1. This completes the inductive step. 
3.3. A graphing for RG. Define now θ : X → X to be the odometer built on the partitions Pn.
More precisely, note that for almost all x ∈ X, we can choose the smallest n so that there exists
an r ≤ n and j1, . . . , jn with jr < qr and x ∈ F (j1, . . . , jn). Choose r to be the smallest possible
integer with this property. We define θ(x) to be the unique y ∈ F (j1, . . . , jr + 1, . . . , jn) so that
x ∼Rn y. It is clear from the construction that the equivalence relation generated by θ is exactly
RQ =
⋃
Rn.
Recall that G =
⋃
nGn with Gn+1 = Gn ∗Qn (Fkn+1 ⊗ Qn+1). Let us denote by gn+1,j , j =
1, . . . , kn+1 the generators of Fkn+1 . Since θ generates RQ, it follows that the set
Γ = {θ, α(gn,j) : n = 0, 1, . . . , 1 ≤ j ≤ kn}
is a graphing for RG.
Let φn,j denote the restriction of α(gn,j) to the set F (1n), where we write 1n for the n-tuple
consisting of all 1’s.
Lemma 3.4. The set
Γ′ = {θ, φn,j : n = 0, 1, . . . , 1 ≤ j ≤ kn}
is a graphing for RG.
Proof. Indeed, denote by R ⊂ RG the equivalence relation generated by Γ′. To see that R = RG,
suppose that x, y ∈ X and for some n and j, y = α(gn,j)(x). Then almost surely, x ∈ F (j1, . . . , jn)
for some j1, . . . , jn, which means that for some h ∈ Qn, α(h)(x) ∈ F (1n). Since Qn commutes with
gn,j, it follows that
y = α(gn,j)α(h)
−1α(h)(x) = α(h)−1α(gn,j)α(h)(x) = α(h)−1θ(gn,j)α(h)(x).
It follows that if we set x′ = α(h)(x), y′ = α(h)(y) , then x ∼RQ x′ and
y ∼RQ y′ = θgn,j (x′) ∼R x′ ∼RQ y.
Since θ generates RQ, it follows that RQ ⊂ R and thus y ∼R x. But this means that R = RQ. 
Lemma 3.5. The graphing Γ′ is a treeing and C(Γ′) = 1 +
∑∞
r=0 kr|Qr|−1.
Proof. Let θn be the restriction of θ to
⋃{F (j1, . . . , jn) : jr < qr for some r ≤ n}. It is not hard to
see, arguing just as above, that θn generates the partition Rn, and moreover that the graphing
Γ′n = {θn, φr,j : 0 ≤ r ≤ n, 1 ≤ j ≤ kr}
generates RGn , the equivalence relation of being in the same orbit of the restriction of the action
α to Gn. Let us suppose that for some non-trivial word w = w1 · · ·wk with wj ∈ Γ′, we have that
w(x) = x for all x in some non-null set F . By shrinking F we may assume that there exists some
integer n so that
F,wk(F ), wk−1wk(F ), . . . , w1 · · ·wk(F ) ⊂
⋃
{F (j1, . . . , jn) : ∃r ≤ n s.t. jr < qr}.
It follows that the restriction of w to F is actually a word in the graphing Γ′n. Thus it is sufficient
to prove that Γ′n is a treeing, as we would then be able to conclude that w is (modulo cancellations)
the trivial word.
To prove that Γ′n is a treeing, it is sufficient to show that C(Γ′) = C(Gn) ([Gab00]). This is
clear when n = 0, since in that case C(Γ′) = k0 = C(G0). Assuming that equality C(Γ′n) = C(Gn)
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holds, we compute:
C(Γ′n+1) = (1− (q0 · · · qnqn+1)−1) +
n+1∑
r=0
kr · (q0 · · · qr)−1
= (1− |Qn+1|−1) +
n+1∑
r=0
kr|Qr|−1
= C(Γ′n)− (1− |Qn|−1) + (1− |Qn+1|−1) + kn+1|Qn+1|−1
= C(Γ′n)− C(Qn) + 1 + (kn+1 − 1)|Qn+1|−1
= C(Gn)− C(Qn) +C(Qn+1 × Fkn+1)
= C(Gn+1)
because of the inductive assumption, the fact that Gn+1 = Gn ∗Qn (Qn+1 × Fkn), and Gaboriau’s
formula for cost of an amalgamated free product [Gab00].
The cost of Γ′ can be computed in a similar way:
C(Γ′) = 1 +
∞∑
r=0
kr · (q0 · · · qr)−1 = 1 +
∞∑
r=0
kr|Qr|−1,
which completes the proof. 
Corollary 3.6. G is a strongly treeable group of cost C(G) = 1 +
∑∞
r=0 kr|Qr|−1.
The following theorem is a straightforward generalization of a result of Hjorth [Hjo06], whose
proof we largely follow:
Theorem 3.7. Let R be a treeable measure preserving ergodic equivalence relation of cost t = C(R).
Choose any Qi, ki so that t =
∑∞
r=0 kr|Qr|−1. Let G = G({Qi}, {ki}). Then there exists a measure
preserving action of G so that R = RG, the equivalence relation of being in the same G-orbit. Thus
any such group is OE-free.
Proof. We have seen that if R = RG for some action of G, then the equivalence relation R has the
following properties (see Lemma 3.2 and Lemma 3.4).
(a) R is generated by an increasing family of finite equivalence relations Rn and a family of
partial morphisms φn,j.
(b) There exist partitions Pn = (F (j1, . . . , jn) : jk ∈ {1, . . . , qn} are fundamental domains for
Rn, where qn = |Qn/Qn−1|.
(c) The domain of φn,j is F (1n).
(d) The equivalence relation RQ :=
⋃
Rn is generated by a free action of Z acting by an
authomorphism θ : X → X and furhermore Γ := {θ} ∪ {φn,j} is a treeing for R.
We now note that, conversely, if we are given an equivalence relation with such structure, then
R = RG for some free action of G. Indeed, we first can consistently choose actions of Qj in such a
way that Rn = RQn ; this defines the action α of Q =
⋃
Qj on X. Denote by gn,j the generators of
Fkn ⊂ G, we define α(gn,j) by requiring that its restriction to F (1n) is θn,j, and that it commutes
with α(Qj). Since the images F (1n) under α(Qj) are disjoint and cover all of X, this defines the
action of gn,j and thus of Fkn . By assumed commutativity, we thus obtain an action of Qn × Fkn .
But passing to the inductive limit, we thus construct an action defined on all of G. The action is
clearly measure-preserving and generates R; it only remains to see that it is free.
If an element e 6= w ∈ (Qn × Fkn) ⊂ G were to act trivially on some x ∈ X, we could, after
conjugating w with Qn, assume that x ∈ F (1n), in which case triviality of the action of w would
contradict the assertion that Γ is a treeing.
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It thus remains to prove that an arbitrary ergodic measure-preserving equivalence relation R
satisfies the properties (a)–(d) above. But this is a direct consequence of [Hjo06] (see proof of
Lemma 4.3 in that paper). 
We refer the reader to [Gab10, Gro93] for the definition of the notion of measure equivalence
of groups (see also 4.2 hereafter). We only state the following easy corollary, which is a measure
equivalence analog of Corollary 2.10:
Corollary 3.8. Let G = G({Qi}, {ki}), G′ = G({Q′i}, {k′i}), and set t =
∑
r kr|Qr|−1, t′ =∑
r k
′
r|Q′r|−1. Then:
(i) if t = t′, any ergodic measure-preserving action of G′ is orbit-equivalent to some action of G;
(ii) both t, t′ are finite or both are infinite iff G′ and G are measure-equivalent;
(iii) for any free ergodic measure-preserving action of G, there exists a measure-preserving action
of G′ so that (L∞(X) ⋊ G) ≃ L∞(Y )⋊G′(t−1)/(t′−1), i.e., RG is the amplification of RG′ by
(t− 1)/(t′ − 1).
Proof. Parts (i) and (iii) follow direction from Theorem 3.7 and Gaboriau’s induction formula for
cost. For part (ii) note that two groups are measure equivalent iff for some pair of their actions,
the associated orbit-equivalence relations are amplifications of one another. 
4. Further remarks
We discuss in this section some further properties of the groups we constructed and make some
conjectures, which we relate to open questions formulated in [P18, Remark 4.5]. Recall (see §2.11)
that we denote by Gt any of the groups G({Qi}, {ki}) with Q =
⋃
Qi ICC and t = 1+
∑
ki|Qi|−1,
so that, as we have shown in Section 2, L(Gt) ∼= L(Ft).
4.1. Virtual W∗-equivalence and W∗-subordination. As in many recent papers concerning
group von Neumann algebras, we view an isomorphism L(Γ) ≃ L(Λ) as a W∗-equivalence between
the groups Γ,Λ and write this as Γ ∼W∗ Λ. Also, we denote by W∗(Λ) the class of groups Γ with
the property that L(Γ) ≃ L(Λ).
Following [P18, Notation 4.3], we denote W∗leq(Λ) the class of groups Γ with the property that
L(Γ) can be embedded into L(Λ) (not necessarily unitally), and use the notation Γ ≤W∗ Λ for this
subordination relation.
If Γ,Λ are ICC groups such that there exists a finite index Hilbert bimodule between L(Γ) and
L(Λ) (equivalently, if L(Γ) can be embedded as subfactor of finite index in a finite amplification of
L(Λ), see [P86, Section 1.4], then we say that Γ,Λ are virtually W∗-equivalent and write Γ ∼W∗v Λ,
and denote by W∗v(Λ) the virtual W∗-equivalence class of Λ.
Note that the equivalence between II1 factors N,M requiring the existence of a finite index
Hilbert N −M bimodule was introduced in [P86, Definition 1.4.3], where it is called weak sta-
ble equivalence. But virtual isomorphism seems a more suitable terminology for this equivalence
relation, and so we propose to use it instead.
4.2. Virtual W∗-equivalence versus ME. The analogue of W∗-equivalence in measured group
theory is the notion of orbit equivalence (OE) of groups: Γ,Λ are OE if there exists free pmp actions
Γy X, Λy Y and ∆ : X ≃ Y such that θ(Γx) = Λθ(x), ∀ae x ∈ X.
The analogue of virtual W∗-equivalence is the notion of measure equivalence (ME), introduced in
[Gro93]: two groups Γ,Λ are ME if there exist commuting, measure preserving, free actions of Γ,Λ
on some Lebesgue measure space (Ω,m) such that each action admits a finite fundamental domain.
This is equivalent to the fact that there exist free pmp actions Γy X and Λy Y and a measure
preserving ∆ : X → Y which implements a “virtual orbit equivalence” between the two actions.
This condition can be reformulated as the existence of a virtual isomorphism between L∞(X)⋊ Γ
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and L∞(Y ) ⋊ Λ via a finite index Hilbert bimodule that satisfies appropriate conditions on the
corresponding Cartan subalgebras.
The similarity between orbit equivalence and W∗-equivalence for groups, as well as results from
deformation-rigidity theory ([P06]), led the second named author to speculate some ten years ago
that there may be a correlation between these two notions, which may perhaps even coincide. This
has been disproved by Chifan-Ioana who showed in [ChI09] that the ICC groups Γ = (S∞×F2) ∗Z
and Λ = (Z × F2) ∗ Z are OE but not W∗E. We note below that these groups are not even W∗-
subordinated (thus not virtually W∗-equivalent), and also provide another example with similar
behavior.
Proposition 4.3. (a) The groups Γ = (S∞ × F2) ∗ Z, Λ = (Z× F2) ∗ Z are OE-equivalent but not
virtually W∗-equivalent, in fact we have Γ 6≤W∗ Λ.
(b) For each 2 ≤ n ≤ ∞, the groups S∞ ≀ Fn and Z ≀ Fn are OE-equivalent but not virtually
W∗-equivalent. Moreover, for any 2 ≤ n,m ≤ ∞, we have S∞ ≀ Fm 6≤W∗ Z ≀ Fn.
Proof. (a) The fact that Γ ∼OE Λ was shown in [ChI09], where it is also shown that if L(Γ) ⊂ L(Λ),
then up to conjugation by some unitary in L(Λ) one may assume L(S∞ × F2) ⊂ L(Z × F2) = P .
But by the dichotomy result in [PV11] this implies L(S∞) ≺P L(Z) (in the sense [[P06] Section 5]),
a contradiction.
(b) By Dye’s theorem, any free ergodic pmp actions of S∞ and Z on [0, 1] are OE, via some
pmp isomorphism ∆. Taking the product of ∆ “Fn-many times” one gets an isomorphism ∆˜ :
[0, 1]Fn ≃ [0, 1]Fn that commutes with the Bernoulli Fn action, thus establishing an OE between
S∞ ≀ Fn y [0, 1]Fn and Z ≀ Fn y [0, 1]Fn .
On the other hand, if L(S∞ ≀Fm) ⊂ L(Z ≀Fn), then the dichotomy result in [PV11] implies again
that L(S∞) ≺ L(Z), a contradiction. 
One should point out that there are still no examples of W∗-equivalent groups that are not orbit
equivalent.
While the above result shows that OE and W∗E are in general different, these equivalences may
still coincide for certain restricted classes of groups (as we’ll discuss below). It may in fact be more
appropriate to seek such a correlation between ME and virtual W∗-equivalence.
4.4. W∗-free groups. As mentioned before, we’ll say that an ICC group Γ is W∗-free, if L(Γ) ≃
L(Ft), for some 1 < t ≤ ∞. If free group factors are non-isomorphic (a fact known to be equivalent to
L(Fn) 6≃ L(Fm), for some 2 ≤ n < m ≤ ∞, by [Dyk94], [Rad94]), one would call the corresponding
t the W∗-free rank of Γ (thus, Γ ∼W∗ Gt, where Gt is given by Theorem 1.1). We also denote the
class of these groups by W∗(Ft).
It seems likely that all non-amenable ICC groups W∗-subordinated to a free group are W∗-
free. More precisely, that for any 2 ≤ n ≤ ∞ we have ICC ∩ W∗leq(Fn) = {amenable ICC} ∪
∪t>1W∗(Ft) ∪W∗(F∞). Also, one should have W∗v(F∞) = W∗(F∞), while W∗v(Fn) should coincide
with ∪t>1W∗(Ft) (or some remarkable subset of it!), for all n ≥ 2 finite.
Moreover, if a group factor L(Γ) can be embedded unitally into L(Gt) ≃ L(Ft) with finite Jones
index α, then one would expect that Γ would have W∗-free rank equal to 1 + α(t − 1) (Nielsen-
Schreier type formula). More generally, if Γ,Λ have W∗-free rank t respectively s and are virtually
W∗-equivalent via a finite index Hilbert L(Γ)−L(Λ) bimoduleH with r = dimHL(Λ), l = dimL(Γ)H,
then one would expect t = l(s− 1)/r + 1.
One should note that if L(Ft) are non-isomorphic, then it is sufficient to assume the Nielsen-
Schreier type formula for irreducible subfactors (or finite index irreducible intertwining Hilbert
bimodules) to infer that it holds true for all subfactors (resp. bimodules). Moreover, in order to
have consistency between the amplification and index formulas, it is necessary that for any finite
t > 1 all finite index subfactors of L(Gt) ≃ L(Ft) must be extremal. This is of course not the
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case for L(F∞), which has fundamental group equal to R>0 by [Rad92], and thus has non-extremal
subfactors of any index > 4 (in fact, by [PS03] the standard invariant of any subfactor can be
realized as standard invariant of a subfactor of L(F∞)).
4.5. Alternative characterizations of sub-W∗-freeness. Recall from [P18, Definition 1.4] that
a group Γ has the universal vanishing cohomology property VC if any free cocycle action of Γ on any
II1 factor untwists. Also, given a group Λ, one denotes by MEleq(Λ) the class of all groups Γ that
have a free pmp action which can be realized as a sub equivalence relation of a free ergodic pmp
Λ-action. It has already been speculated in [P18, Remarks 4.5] that the three classes W∗leq(F2),
MEleq(F2) and VC may coincide. This is motivated by the observation that VC ⊂W∗leq(F2) and that
one already knows that MEleq(F2) is equal to ∪n≥1ME(Fn) ∪ME(F∞) (cf. [Gab00] and [Hjo06]).
On the other hand, this latter class of groups coincides with the class of all treeable groups, which
conjecturally coincides with the class of strongly treeable (or even OE-free) groups. Thus, the W∗-
free groups should coincide with the non-amenable ICC treeable groups and with the non-amenable
ICC groups in the class VC.
One should also note that by general properties of the free group factors L(Fn), any non-amenable
group Γ ≤W∗ Fn must have finite radical, be non-inner amenable, have Haagerup property and
Cowling-Haagerup constant equal to 1. Also, it should not contain any infinite subgroup with non-
amenable centralizer, and no infinite amenable subgroup with non-amenable normalizer. Moreover,
all such groups should be exact (see [BrO08]).
4.6. Some properties of the groups Gt. As we have seen, the groups {Gt}t>1 give rise to group
factors (respectively group measure space factors) with the property that all their amplifications
are themselves group factors (respectively group measure space factors). Also, since G = PSL(2,Z)
is itself a W∗-free group of rank 7/6 (see [HV93], [Dyk93]), all amplifications of L(G) are group
factors.
This is in sharp contrast with certain phenomena in deformation-rigidity theory, where one
could obtain large classes of ICC groups (resp. free ergodic pmp group actions) whose associated
II1 factors have all (non-trivial) amplifications not representable as group factors (resp. group
measure space factors). For instance, one shows in [IPV10] that any non-amenable group G has
a canonical “ICC augmentation” G˜ such that L(G˜)t cannot be written as a group factor if t 6= 1.
Also, [IPV10], [PV11] provides many examples of free ergodic pmp group actions Gy X such that
no amplification by t 6= 1 of L∞(X)⋊G can be represented as a group measure space factor (e.g.,
Bernoulli actions of G = F2 × F2). Along these same lines, note that the strong form of Connes
rigidity conjecture predicts that if G = PSL(n,Z), n ≥ 3, then L(G)t cannot be represented as a
group factor, ∀t 6= 1.
Let us also point out that while in Corollary 3.6 one shows that the W∗-free groups Gt are all
treeable, we do not know how to prove that any W∗-free group is treeable. Similarly, we could not
prove that all treeable groups are in VC. We’ll however note below that the groups Gt (in fact all
groups considered Section 3) have the property VC. Some other properties of the W∗-free groups
Gt will follow from general considerations.
Proposition 4.7. (a) Assume {Hn}n≥0 ⊂ VC is a sequence of groups with finite subgroups Kn ⊂
Hn such that Kn ⊂ Kn+1, ∀n ≥ 0. Define recursively G0 = H0 and Gn+1 = Gn ∗Kn Hn+1. Then
G = ∪nGn lies in VC. In particular, all the W∗-free groups Gt, t > 1, have the universal vanishing
cohomology property.
(b) The W∗-free groups Gt, t > 1, are sofic and Cartan rigid (i.e., all group measure space factors
from free pmp Gt-actions have unique Cartan subalgebra up to unitary cojugacy).
Proof. The proof of [P18, Proposition 1.5.1◦] applies exactly same way to get part (a) of the
statement. Then Cartan rigidity of Gt in part (b) follows from the fact Gt are ME to free groups
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and [PV12, Theorem 11.3]. The soficity is a consequence of the way Gt are constructed, as a limit
of residually finite groups. 
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